Abstract: We report on several methods for the chromatic dispersion (CD) compensation in optical fiber offset-QAM-based filterbank multicarrier (FBMC-OQAM) systems. We show that several equalization structures, initially proposed for wireless FBMC-OQAM systems, can also be applied to optical FBMC-OQAM systems to enhance the CD tolerance. The different CD compensation algorithms are numerically validated and compared to the conventional one tap equalizer in a 30-Gbaud optical FBMC system, in terms of performance and complexity. Considering a 1-dB optical signal-to-noise ratio penalty at a bit error rate of 3.8 × 10 −3 and 256 subcarriers, the results show that the maximum CD tolerance of the frequency spreading method can be enhanced by a factor 10 and 30 for 4-OQAM and 16-OQAM modulations, respectively, compared to that of the conventional one-tap equalizer, at the cost of higher complexity. Even though the other CD compensation methods provide a reduced CD tolerance compared to the frequency spreading method, they require less complexity and hence can be good alternatives.
Introduction
Offset-QAM-based filterbank multicarrier (FBMC-OQAM) has been recently proposed in optical fiber communication systems [1] - [3] . FBMC-OQAM modulations use a pulse shape which is well localized in time and frequency, making the system more robust against time and frequency variations of the channel [4] . The main advantage of FBMC-OQAM for optical fiber communications is its increased spectral efficiency (SE). Thanks to the very low spectral leakage of its prototype filter, it is sufficient to insert a very small guard band of one or two subcarriers between unsynchronized lasers, which results in a higher SE [3] . Moreover, as opposed to orthogonal frequency division multiplexing modulation (OFDM), FBMC-OQAM does not require the use of a cyclic prefix, which again increases its SE.
Chromatic dispersion (CD) is one of the main transmission impairments in optical fiber systems. It is due to the fact that spectral components of the transmitted signal travel at different speeds inside the fiber. The classical way to handle channel frequency variations in FBMC-OQAM systems is to increase the number of subcarriers, so that the channel can be approximated as flat at the subcarrier level. Then, simple one-tap equalization can be used, providing an efficient replacement of the well-known overlap and save algorithm [1] . However, for a fixed bandwidth, having more subcarriers induces a larger symbol period and hence, more sensitivity to phase noise (PN) [2] .
In this paper, we consider a system with a sufficiently high number of subcarriers such that it can achieve high SE. At the same time, we keep the number of subcarriers low enough such that the system remains robust against PN. In that case, and for relatively long fibers, simple one-tap equalization is not sufficient and more advanced CD compensation methods are necessary [1] , [5] , [6] . Here, we review several compensation algorithms and we show that these methods, initially designed to handle channel frequency selectivity in wireless systems, can be applied to optical fiber communications. The different algorithms are compared in terms of performance and complexity.
System Model
In order to focus on the CD effect and its compensation methods, an FBMC-OQAM transmission with only one polarization is considered, as depicted in Fig. 1 . Dual polarization systems can straightforwardly be achieved by using some existing techniques in OFDM systems for both polarization multiplexing and demultiplexing [7] . Ideal time/frequency synchronization is assumed. The number of subcarriers, subcarrier index and QAM symbol duration are denoted by 2M, m and T , respectively. At the transmitter, the real-valued transmitted symbols d m,l are obtained after de-staggering of the complex-valued QAM symbols c m,l (C2R m ). The symbols d m,l are FBMC-OQAM modulated using a prototype pulse g [n] of length L g = 2M κ where κ is the overlapping factor, with energy normalized to one and with near perfect reconstruction properties [8] . In practice, the synthesis filter bank (SFB) and analysis filter bank (AFB) are efficiently implemented through the combination of a polyphase network (PPN) and a fast Fourier transform (FFT) [9] . The transmitted signal s[n] ∈ C can be written as
where
. The phase term
is inserted in order to have a causal filter g m,l [n] [9] . A The CD is assumed to have the following baseband frequency response
where D is the dispersion parameter [ps/nm/km], λ is the central wavelength, c is the speed of light and L is the fiber length [10] . The received signal, impacted by CD, PN and additive noise, can be written as
where S(f ) is the Fourier transform of the transmitted signal,
is the sampling period and the samples w [n] are additive circularly-symmetric white Gaussian noise samples with zero mean and variance σ 
In classical approaches of FBMC-OQAM transmissions, the channel is assumed to be frequency flat at the subcarrier level and the phase noise is assumed to slowly vary with respect to the symbol duration. Under these conditions and if the pulse g[n] is well localized in time and frequency, an approximation of z m 0 ,l 0 is given by (neglecting additive noise)
where H m = H (f m ) with f m being the frequency of subcarrier m. As shown in Fig. 2 (a), CD equalization is performed by a simple one-tap multiplication after the PPN ( Fig. 2(b) ) and the FFT operations.
Assuming that the PNφ l 0 is estimated and compensated after the CD compensation, i.e. [11] , and using the fact that
where is the real part operator, the transmitted symbols can be recovered by taking the real part
The quality of the detection will critically depend on the accuracy of the approximation in (5) [12] . For long fibers, the channel will exhibit fast phase variations, especially at the edges of the band [6] , which can be seen as a highly selective channel. To counterbalance this effect and to improve the accuracy of (5), one could decrease the subcarrier spacing 1/T . This can be achieved by increasing the number of subcarriers in the system, while the transmission bandwidth, 1/T s , remains fixed. However, increasing the number of subcarriers also means an increased symbol period T = 2M T s , making the system more sensitive to time variations of the channel and hence to PN. In other words, more advanced equalization techniques should be analyzed to compensate for CD, especially for long communication links and for a relatively low number of subcarriers.
Equalization Algorithms for Chromatic Dispersion Compensation
In this section, we describe several equalization algorithms for the CD compensation. Except for the overlap and save algorithm [1] , the other techniques were initially proposed for wireless FBMC-OQAM communications under high channel frequency selectivity and can be adapted straightforwardly to FBMC-OQAM communications on optical fiber to compensate for CD.
Overlap and Save
This method, widely applied in single-carrier and multi-carrier optical fiber communication systems, convolves the received signal with an equalization filter, whose impulse response is designed to invert the effect of CD. Classically, this filtering operation is implemented in an efficient manner using the overlap and save algorithm. The algorithm first takes an FFT of block of size N on the received signal, the FFT outputs are then multiplied by the inverse of the CD frequency response and brought back to time domain by inverse FFT (IFFT) of size N . Finally, K ov /2 samples are discarded at the beginning and at the end of the block, which yields a block of N − K ov samples, assumed to be approximately free from CD. These samples are then fed to the AFB [1] . Note that the parameters N and K ov do not need to be related to the number of subcarriers 2M and that the overlap and save algorithm adds a delay of N T s seconds to the demodulation chain.
Multi-Tap Fractionally Spaced Per-Subcarrier Equalizer
A well-known equalization approach is the multi-tap per-subcarrier equalizer [13] - [15] , as shown in Fig. 2(c) . Even if the outputs of the adjacent subcarriers are not used, the fractional spacing T/2 of the equalizer allows for efficient mitigation of inter-symbol interference (ISI) and inter-channel interference (ICI), provided that the roll-off factor of the pulse is smaller than or equal to one, as it is commonly the case in FBMC-OQAM systems [8] . The equalized symbol at the receiver can be written asd
where α is introduced in order to take into account the reconstruction delay and N tap s is the number of taps of the equalizer. One advantage of this algorithm for optical fiber communication is its flexibility, since the deployment of the equalizer can be restricted to critical subcarriers, i.e. the subcarriers on the edges. Note that the equalizer adds a delay of (N tap s − 1)T/2 seconds in the demodulation process. In the following, we describe two ways of computing the coefficients of the equalizer c m 0 [l].
Minimum Mean Squared Error Equalizer:
The minimum mean squared error (MMSE) equalizer [13] , [15] optimizes the coefficients c m 0 [l] in order to minimize the mean squared error of the symbol estimate. This requires to evaluate, for each subcarrier, the equivalent channel made up of the convolution of the transmit filters, the channel and the receive filters, taking into account the interference of the two adjacent subcarriers.
Frequency Sampling Equalizer:
The principle of the frequency sampling technique is to choose certain values for the equalizer coefficients so that the equalizer frequency response is forced to pass through some target frequency points in the subchannel of interest [13] , [14] . The target frequency points are chosen according to a zero forcing (ZF) or MMSE criterion. If the channel is not too selective in frequency, one can expect the equalizer response to approximate well the optimal ZF or MMSE frequency response. This design allows for a simpler computation of the equalizer coefficients. Given that the amplitude of the CD response is constant over frequency, there is no large gain of using the MMSE criterion rather than the ZF one for the target frequency points. In the evaluation of the system performance in Section 5, we will focus on the frequency sampling implementation of the multi-tap fractionally spaced per-subcarrier equalizer.
Parallel Multi-Stage Equalizer
This equalization structure was initially proposed in [16] . This receiver uses K AFB's working in parallel on the received signal, as depicted in Fig. 2(d) for the special case K = 2. The k−th AFB is using the k−th derivative of the prototype pulse with respect to time. The demodulated symbols coming from the k−th parallel AFB, denoted by z
, are then equalized by the k−th derivative of the equalizer with respect to frequency. Finally, the outputs of each AFB are re-combined in order to cancel the K first orders of the distortion caused by the channel variations and the symbol is estimated asd
where H −1 m 0 (k) denotes the k−th derivative of the inverse of the channel frequency response evaluated at subcarrier m 0 . Note that this processing does not require any additional delay as opposed to multi-tap equalizers.
Frequency-Spreading Receiver
Several recent works have looked at an alternative scheme to implement FBMC systems, which is the so-called frequency-spreading FBMC (FS-FBMC) technique [17] , [18] . It can be seen as a special case of the fast-convolution implementation of FBMC [19] . In the FS-FBMC implementation of the receiver, an FFT of size 2M κ is first taken on the received signal, as shown in Fig. 2(e) . Then, the output bins of the FFT are equalized to compensate for CD before being re-combined by the prototype pulse coefficients in the frequency domain ("de-spreading"). Finally, the real part of the symbols after the PN compensation is taken to estimate the transmitted symbols. The complexity of FS-FBMC is larger than the classical structure relying on a PPN, due to the increased FFT size. However, the advantage of the approach comes from its simplicity of understanding and from the very efficient channel equalization being done in the frequency domain at the high resolution 1/2M κ and without additional delay.
Complexity Comparison
First note that since the CD effect is assumed to be static over time, the equalizer coefficients should be computed only once and for all at the beginning of the transmission or off-line. Therefore we omitted this type of complexity in the comparison. 
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In Table 1 , the complexity of implementation of the different algorithms, in terms of real-valued multiplications, is compared. For the calculation, we assume that the number of subcarriers is a power of two and that an FFT/IFFT of size 2M requires 2M (log 2 (2M) − 3) + 4 real-valued multiplications using the split-radix algorithm [20] . The classical receiver using single-tap per-subcarrier equalization, as described in Section 2, can be efficiently implemented using a 2M − FFT, a PPN and a single-tap per-subcarrier equalizer. The multi-tap fractionally spaced per-subcarrier equalizer has an increased complexity due to the additional filtering by a N taps − equalizer. The parallel multi-stage structure has a complexity that simply scales linearly with the number of parallel AFB's K . The frequency-spreading receiver uses a FFT of size 2M κ. Each bin of the FFT is equalized and filtered to retrieve the transmitted symbol. Finally, the overlap and save algorithm is composed of an FFT of size N , N complex multiplications and another IFFT of size N , followed by one AFB. The penalty due to the K ov discarded samples was also taken into account. Table 2 gives the complexity of the different CD equalization methods when the number of subcarriers is 256 and the Phydyas prototype filter with overlapping factor equal to 4 is used [8] .
Numerical Results
In order to evaluate the effectiveness of the proposed CD compensation methods, a 30-GBaud FBMC system is simulated and 4-and 16-OQAM modulations are considered. The combined linewidth of the transmitter and receiver lasers is set to 200 kHz, which is a typical value of the commercial external cavity laser. The adaptive maximum likelihood algorithm presented in [11] is used for compensation of the PN after CD equalization. Since the number of subcarriers 2M = 256 shows a good compromise between the CD and PN compensation [11] , it is chosen for the following investigation. Ten percents of the subcarriers at the edges of the band and the center (DC) subcarrier remain inactive.
First, additive noise is not included in the simulations. This allows to clearly identify the impact of CD on the system performance. Fig. 3 shows the mean square error (MSE) of received symbols for each subcarrier after a 1000 km optical fiber transmission using different CD compensation methods. The dispersion coefficient D of standard single-mode fiber (SSMF) used in simulations is chosen equal to 17 ps/nm/km. It can be seen that the MSE exhibits the highest values on the edges of the frequency band since the phase variations of the channel are increasing with the absolute value of frequency. As it would be expected, the MSE reduces when applying the CD compensation methods. The performance is improved by increasing the block size of the overlap and save method, the number of taps of the fractionally-spaced per-subcarrier equalizer, the number of parallel AFBs equalizer, at the cost of increasing the receiver complexity. The high CD tolerance of the frequency spreading structure comes from the efficient equalization being performed at the very high frequency resolution 1/2M κ. A basic assumption of the parallel equalization structure is that the derivatives of the channel frequency response should remain bounded [16] , which becomes less accurate at the edges of the band and explain the performance degradation for these subcarriers. The frequency sampling multi-tap equalizer does not suffer from this limitation and outperforms the parallel equalization structure at the spectrum edges while performing relatively worse in the center frequencies.
In the next step, the FBMC system under the impact of CD is investigated in the presence of additive noise. The commonly used optical signal-to-noise ratio (OSNR) can be linked to the SNR per bit SN R b used in wireless communications by [21] 
where R b is the information bit rate and B ref is the reference bandwidth, which is commonly 12.5 GHz corresponding to a 0.1 nm resolution bandwidth of optical spectrum analyzers at 1550 nm carrier wavelength. Fig. 4 (a) and (b) present the bit-error-ratio (BER) as a function of the OSNR after a 1000 km optical fiber transmission for 4-and 16-OQAM modulations, respectively. Considering the BER of 3.8 × 10 −3 as the soft forward error correction (FEC) limit [22] , the conventional 1 tap equalizer is not sufficient to compensate for the CD induced by 1000 km fiber transmission for both modulation formats. By applying the proposed CD compensation methods, the OSNR penalties of the CD compensation curves compared to that of back-to-back (B2B, no transmission) curve at the 3.8 × 10 −3 BER are negligible for 4-OQAM modulations (Fig. 4(a) ). However, for 16-OQAM modulations (Fig. 4(b) ), the CD compensation by using the 3 tap frequency sampling equalizer and the two parallel-AFBs equalizer are less effective than the other CD compensations. More specifically, at the soft FEC limit, the former CD compensations exhibit about 2 dB OSNR penalty whereas the latter CD compensations present only about 0.3 dB OSNR penalty compared to the B2B level.
Finally, the OSNR penalty at the 3.8 × 10 −3 BER as a function of the normalized CD using different CD compensation methods is shown in Fig. 5(a) and (b) for 4-and 16-OQAM modulations, respectively. The normalized CD is defined as the product of the dispersion coefficient and the fiber length, i.e., D L [ps/nm]. Considering a 1-dB OSNR penalty and 4-OQAM modulations (Fig. 5(a) ), the tolerated CD of the conventional 1 tap equalizer is only 9 × 10 3 ps/nm. The tolerated CD of the 3 taps and 7 taps frequency sampling equalizers are increased to 5 × 10 4 ps/nm and 1.1 × 10 5 ps/nm, respectively. Whereas the two and three parallel-AFBs equalizers show the corresponding tolerated CD of 2.5 × 10 4 ps/nm and 3.5 × 10 4 ps/nm. The frequency spreading method can provide the tolerated CD as high as the 7 taps frequency sampling equalizer, however, at the cost of higher complexity ( Table 2 ). The tolerated CD of the overlap-and-save method can vary by adjusting the FFT size and overlapping factor. For example, when the FFT size and overlapping factor are 1024 and 512, respectively, the tolerated CD is 8 × 10 4 ps/nm. Similar to the other methods, the tolerated CD can be increased at the price of increasing the complexity. For 16-OQAM modulations (Fig. 5(b) ), the similar tendencies are observed for different CD compensation methods, however, the tolerated CD is reduced compared to the case of 4-OQAM modulations. It is worth noticing that the frequency sampling equalizer seems to be more sensitive to higher modulation formats than the other methods. More particularly, at the 1-dB OSNR penalty, the tolerated CD of the 3 taps frequency sampling equalizer is reduced to that of the two parallel-AFBs equalizer. While the tolerated CD of the 7 taps frequency sampling equalizer is no longer similar to that of the frequency spreading equalizer, as in 4-OQAM modulations case. Note that, although a varying number of subcarriers is not studied here, it is pointed out in [5] that the CD tolerance can scale linearly with the increase of the number of subcarriers. However, the PN compensation algorithm may become the main limitation of the system if the number of subcarriers is too large, which would require more efficient PN algorithms.
Conclusions
We investigated the compensation of CD in optical fiber FBMC-OQAM systems. It was shown that several equalization structures, initially proposed for wireless systems, can be applied to optical FBMC-OQAM systems even when the number of subcarriers is moderate. This allows for simple PN compensation methods working in the frequency domain. The various algorithms propose different trade-off between performance and complexity of implementation. The frequency spreading and parallel multi-stage architectures do not add any delay to the demodulation chain as opposed to the overlap and save and the multi-tap equalizers. The frequency spreading receiver and certain versions of the overlap and save algorithms showed very high robustness to CD. The disadvantage of the frequency spreading is its implementation complexity. The multi-tap equalizer is flexible in the sense that it can be applied on a subcarrier-basis depending on the CD frequency response.
